A phase retrieval technique using a spatial light modulator (SLM) and a phase diffuser for a fast reconstruction of smooth wave fronts is demonstrated experimentally. Diffuse illumination of a smooth test object with the aid of a phase diffuser (maximum phase shift, ∆φ = 0.85π) results in a significant diversity in the intensity measurements which, in turn, is beneficial for a non-stagnating iterative phase reconstruction. The use of the SLM enables accurate and fast speckle intensity recording and active correction of misalignments in the setup. The effectiveness of the technique is demonstrated in the optical testing of lenses.
INTRODUCTION
Phase retrieval is an approach to reconstruct the phase distribution of an optical wave field from a set of recorded intensity patterns without the requirement of a distinct reference wave. Recovering the phase from intensity measurements can be described as an inverse problem which is mostly solved iteratively. An important requirement to successful phase retrieval is diversity or local differences in the captured set of intensity patterns [1] . From earlier techniques that use two intensities [2] , recent trends favour the use of multiple intensities [3] . To generate the multiple intensities, recording modalities include changing the light source wavelength [4] , physical translation of an aperture [5] or a specimen [6] along the transverse direction and physical displacement of the recording camera along the axial direction [7] . For the reconstruction [7] , an iterative algorithm based on the generalized projections is used to recover the phase of the investigated wave field. The algorithm starts with a guess of the complex amplitude of the wave field at the first plane. This guess wave field consists of a random phase and real amplitude calculated from the square root of the measured intensity across that plane. Using the plane wave decomposition approach [8] , the wave field formed is propagated numerically to the adjacent measurement plane. The process of combining the calculated phase and the real amplitude followed by the wave propagation is repeated until the last measurement plane is reached. Thereafter, the propagation proceeds from last plane to first plane. The sequential process is repeated until no significant difference between two phase distributions obtained in two consecutive iterations is observed. The benefit of using multiple intensities is the enforcement of the associated inverse problem resulting in the faster convergence compared to the techniques that use only two intensities [7] . The technique has been demonstrated on rough test objects cite7. A major drawback of this technique is the long measurement time due to the mechanical adjustment of the recording planes [7] . In addition, the technique has limited applications in cases of smooth test objects. Because smooth wave fronts do not vary significantly over a short axial distance, this results in a lack of diversity between the captured intensity patterns. Compounded by inadequate sampling due to detectors quantization, this lack of diversity leads to the stagnation problem in the phase calculation. In order to adapt the multiple-intensity phase retrieval technique to smooth wave fronts, the use of diffuse illumination with a partially-developed speckle field has been shown to enhance the quality of reconstructions [9] . The resulting set of high contrast speckle intensity patterns makes the technique robust against quantization errors [10] . The diffuse illumination phase retrieval technique has been demonstrated in the reconstruction of wave fronts from smooth transmitting samples [9] and specularly reflecting objects [11] . The mechanical movement of the camera across the multiple planes, however, makes the technique slow, tedious and prone to misalignments. In this study, we are interested in another modality for generating the multiple intensity patterns in which the propagation planes are accessed virtually using an active Opto-electronic device.
In order to alleviate the issues related to the mechanical movement of the camera, a technique based on the use of a spatial light modulator (SLM) has recently been introduced [12, 13] . Instead of the axial displacement of the recording camera [7] , the SLM facilitates for a virtual propagation of the wave field, thus, allowing fast and accurate single-plane intensity recording [12, 13] . This technique is referred to as SLM-based phase retrieval (SLM-PR) technique and a schematic of its basic setup is shown by Figure 1 . The SLM-PR works by considering the propagation of a wave field between two parallel planes as a linear invariant system with the transfer function of free space propagation. Due to the fact that the transfer function of free space propagation is a pure phasor, the whole propagation model can be realized by means of a phase-only SLM placed at the Fourier domain of a 4 f -imaging system. Within the SLM-PR technique, the SLM modifies electronically the wave field by means of the transfer function of free space propagation, which is a pure phase function. Accordingly, a set of intensity measurements associated to different propagated states can be captured across a single camera plane [12] . In addition to the enhanced speed and accuracy of the intensity recording, the SLM-PR setup allows active correction for any misalignments in the setup. The effectiveness of the SLM-PR was demonstrated in the optical inspection of technical components under thermal loading [14, 15] .
In this work, we demonstrate experimentally a novel technique for fast and accurate reconstruction of smooth test wave fronts using the SLM-PR with diffuse illumination. Upon modulations from a diffuser phase plate and the SLM, the transmitted object wave intensity exhibits the desired diversity. Hence, the main advantage of the new SLM-PR technique is the fast and accurate speckle recording paving the way for enhanced reconstruction of smooth wave fronts. As experimental demonstration, the technique is applied in the shape measurement of thin lenses.
PRINCIPLES OF THE PROPOSED TECHNIQUE
The design parameters of the setup, complex transmittance displayed on the SLM and the iterative reconstruction algorithm will be reviewed. The physical features of the diffuser phase plate will be discussed in the context of the phase shift introduced to incident light and the formation of a speckle field.
Design parameters of the SLM-PR setup
Here we give the design parameters of the SLM-PR setup presented in Figure 1 . As an illumination beam, a plane wave generated by a frequency doubled Nd:YAG with a wavelength of λ = 532 nm is used. The SLM used is a reflective liquid crystal phase-only SLM supplied by Holoeye Photonics AG [17] . It has a pixel pitch of ∆p = 8 µm and is configured to provide full 2π phase modulation with linear electro-optical characteristics. The camera used is a F-505b/Pike from Allied Vision Technologies GmbH that has 2452 x 2054 pixels with a pixel pitch of 3.45 x 3.45 µm.
An important consideration in the design of the SLM-PR setup is the minimization of the disturbing effects of the higher diffraction orders, i.e., a set of laterally shifted replicas of the wave field, arising from the discrete nature of the SLM sensor [18] . To avoid the overlapping of the diffraction orders, the focal length of the lenses is selected to be f = 150 mm. In this case, the distance between the diffraction orders is 10 mm in any direction. Based on the camera resolution and pixel pitch, the distance between the diffraction orders is made significantly larger than the dimension of the camera sensor (8.5 mm x 7.0 mm). Subsequently, the constructed setup does not suffer from systematic distortions caused by the SLM. More details on selecting parameters to avoid the overlapping of the diffraction orders in the Fourier domain can be found in Ref. [19] . Furthermore, the structure of the wave field in the sensor domain and its dependence on the discrete nature of the SLM has been studied in Ref. [20] .
Controlling the complex transmittance
to be generated by the SLM
The propagation scheme between two axially-displaced planes can be realized by means of an optical linear filtering processor using SLM as mentioned in the introduction section. As depicted in Figure 1 , the filtering setup is based on a 4 f -configuration with the SLM as an active element located in the Fourier domain.
With the following pure phase transfer function for free space propagation being displayed by the SLM, an output wave field can be obtained across the CCD plane based on a propagated representation of the wave field at the input plane [8] :
where z denotes the distance between the two planes and the vector ξ = (ξ i , ξ j ) represents a vector of the frequencies in two dimensional space. To control the complex transmittance generated by the SLM, it is necessary to consider the Fourier transform property of the lenses. Consequently, the transfer function for free space propagation given by Eq. 1 has to be rewritten using the substitution:
This relation gives the correlation of the frequency domain ξ and the spatial domain v in the back focal plane of the first lens. Accordingly, Eq. 1 can be brought into its spatial repre-sentation form [13] :
Eq. 3 represents a continuous representation of the transfer function for free space propagation. Due to the fact that the SLM is a device that has discrete structures, a discrete representation of the transfer function is needed. According to the sampling theory, the term H z (v) may be modelled using the following relation:
Here, H z [m, n] denotes a discrete distribution of the transfer function which consists of m and n pixels and ∆p is the pixel pitch of the SLM. Eq. 4 gives the real distribution of the transfer function which then is displayed by the SLM. Substituting the design parameters given in the preceding subsection, a set of intensity measurements associated with multiple propagation states of the initial wave field can be realized across the sensor plane by choosing the propagation distance z accordingly.
Properties of the fabricated diffuser phase plate
The main purpose of using a random phase diffuser (RPD) is to introduce a controlled randomization on an incident plane wave resulting in a significant diversity in both the amplitude and phase. Compared to using an ordinary ground glass diffuser plate that results in a complete randomization of light, the use of RPD having certain features provides a mechanism to achieve enhanced axial intensity variation. Compared to amplitude-type diffusers, a phase-type diffuser is energy efficient [21] .
Based on Huygen's principle, every point on an illuminated rough surface becomes a source of spherical wavelets. Subsequently, for the case of rough surfaces, the superposition of such spherical wavelets across a sufficiently distant observation plane generates a speckle field [22] . The type of the generated speckle field depends on the roughness of the diffusing plate and the λ of the coherent light. If the surface is optically rough, i.e., the surface indentations are much bigger than λ, a fully-developed objective speckle field is generated [23] . Using a fully-developed speckle field with a fully randomized phase distribution does not lend itself useful for the reconstruction of the incident smooth wave front [21] . Therefore, we would like to fabricate an RPD which generates a partially-developed speckle field when illuminated with a coherent light of specific λ. A partially-developed speckle field can be achieved if the roughness height of the fabricated plate will result in a maximum phase shift that is less than π. In this case, part of the light incident on such surface will be scattered and another part will be unperturbed i.e., a transmitted light as if there is no RPD. The superposition of these two parts generates the partially-developed speckle field. Here we briefly summarize the photolithographic process employed in the fabrication of the RPD. A more detailed discussion of the process can be found in Ref. [21] . The RPD plate was fabricated using ultraviolet (UV) photolithography on a photoresist plate (S1805). For this purpose a collimated helium-cadmium laser, with λ = 442 nm was incident on a ground glass (diffuser) forming a fully-developed speckle beam. The speckle field was used to illuminate the photoresist plate (photoresist thickness: 500 nm; refractive index: 1.65).
In order to fabricate the RPD with the desired scattering properties, the mean speckle size and maximum depth of the indentations are important. The mean speckle size was controlled by adjusting the distance between the diffuser and the photoresist plate, the diameter of the diffuser which is controlled by a diaphragm and λ. The maximum depth of the indentations, on the other hand, depends on the UV exposure (intensity and duration) and the chemical development of the photoresist.
For the application of the fabricated RPD in diffused illumination SLM-PR, it is imperative that the particular RPD element to be used is tuned to the wavelength of the light source used (i.e., it will result in maximum phase shift less than π at a particular wavelength).
We use 3D Laser Scanning Microscope (Keyence) to investigate the structures of the fabricated RPD plate. Figure 2 shows the 3D height map of the fabricated RPD that has a surface shape profile likened to islands and trenches.
The maximum roughness height h (or depth of the indentations) of the RPD plate is 0.348 µm. Substituting the parameters of the fabricated RPD, the maximum phase shift ∆φ given by
is found to be 0.85π.
The mean roughness size along the transverse directions (average of the widths of the islands and trenches on the RPD) is 22 µm. When the fabricated RPD plate is illuminated with a coherent light beam, having a beam diameter (10 cm) much greater than the mean roughness size along the transverse directions, a partially-developed speckle field is generated.
Description of the phase retrieval process
The iterative phase retrieval algorithm is based on the reconstruction approach that was developed in Ref. [7] . To recover the phase, a set of intensity patterns {1, ..., N} of the scattered light across a sequence of N propagation planes is used. Figure 3 shows a flowchart of the phase retrieval algorithm.
The algorithm starts from an initial propagation plane, {1}, where the wave field amplitude is obtained from the square root of the corresponding intensity pattern. Because the initial phase distribution is unknown, here it was assumed to be zero. Then, the complex amplitude U 1 was propagated numerically to the adjacent plane, {2}, using the plane wave decomposition approach [8] :
Here, F{} and F −1 {} denote the 2D Fourier transform and its inversion, respectively, and H z is the transfer function for free space propagation defined by Eq. 1. It is remarked that the calculation of the wave field with amplitude based on the measured intensity pattern is the only constraint imposed in the algorithm. The process of calculating the wave field followed by wave propagation is repeated until the last plane, {N}, is reached. The process then proceeds directly from last plane to the first plane. The whole procedure is repeated, while the change of phase retrieved at the first plane in two successive iterations is calculated in each cycle. The algorithm converges to the iterative solution, if there is no significant change in the phase is observed.
EXPERIMENTAL RESULTS

Experimental control for proof of principle demonstration
In the following we demonstrate the benefit of using the setup with diffuser in the reconstructions of simple smooth wave fronts by comparing it to the case when no diffuser is used. The complex amplitudes of a plane wave for two cases: 1) incident along, and, 2) incident at an angle with the optical axis, are evaluated using the SLM-PR setup with and without a diffuser.
In the first case, a plane wave parallel to the optical axis is incident on an aperture having a diameter of 2.5 mm and placed at 16 mm away from the input plane (front focal plane of the first lens). The wave field is then directed to the SLM-PR setup, as shown by Figure 4 .
In order to recover the phase distribution across the input plane, a sequence of 10 intensity distributions of the light scattered by the aperture was captured by means of a CCD array in the sensor domain. The intensity distributions are associated with the different propagation states corresponding to a set of recording planes that are separated by ∆z = 2 mm along the optical axis. The corresponding transfer functions for free space propagation were generated by means of the SLM in the Fourier domain according to Eq. 3. Using the SLM, no mechanical adjustment is required throughout the recording process. Additionally, recording the whole set of intensities took less than a second because the switching time of the SLM used is about 50 ms. An example of the captured intensity at the imaging plane is shown by Figure 5a .
In the second case, the plane wave was incident at a controlled tilt angle of 0.085 degrees with respect to the optical axis. In this case, it is noted that the impulse response spot generated across the Fourier domain is shifted compared to the one resulting from a plane wave incident parallel to the optical axis of the setup. Consequently, the complex amplitude generated across the CCD plane is shifted and modulated with a linear phase ramp in accordance with our previous modelling of the SLM-PR setup, (see Refs. [13, 16] ). Using the alignment method presented in Ref. [13] the SLM-PR setup was aligned. It is remarked that the alignment approach eliminates only the shift effect occurred at the CCD plane and the ramp modulation still remains.
The captured intensities in both cases were subjected to the iterative scheme to retrieve the phase distributions. The phase recovered across the input plane after 200 iterations is shown by Figure 5 (b) and 5(c). The recovered phase distributions in both cases, especially in the central portion of the aperture area, are the same. This means that at least one of them is not physically correct, because the linear phase ramp is not retrieved in the case of the tilted plane wave. This also means that the iterative approach converges to a wrong solution which is due to the lack of significant diversity in the captured set of intensity measurements. It is noted that the observed circular fringes retrieved near the aperture rim are attributed to the diversity introduced by the diffraction of the plane wave by the space-limited aperture which is used to adapt the size of speckle across the camera plane.
Let us now introduce the desired diversity by inserting the RPD directly in front of the aperture plane and then illuminate the input plane with the resulting partially-developed speckle field. The distance from RPD plane and the input plane is 18 mm. Two sets, each of 10 intensity measurements, are captured for a plane wave that is incident parallel to and at an angle with respect to the optical axis of the setup. One example of the captured intensity at the imaging plane is shown by Figure 6 The phase distribution of the plane wave arriving parallel to the input plane ( Figure 6 (b) has a constant phase value. While the phase distribution of the plane wave arriving at an angle at the input plane ( Figure 6 (c) has diagonal fringes indicating the tilt. The ability to distinguish the two cases of the plane wave incidence demonstrates successful phase retrieval. Based on the 9 fringes across the aperture diameter, the tilt angle is found to be 0.00158 rad which corresponds approximately to 0.09°.
Comparing this value and the angle of the incident plane wave proves that the retrieved phase of the tilted plane wave is correct. Please note that, the observed high frequency phase variation is expected and is due to the scattered wave component of the partially-developed speckle field.
Investigation of smooth wave fronts
Here, the generated speckle field is then used to illuminate a centred thin lens having a focal length of f = 150 mm and positioned at the object input plane of the setup, as shown by Figure 7 . The inset in Figure 7 shows also a photo of the test object used.
The diffuser is 18 mm away from the object plane to adequately sample the generated speckle according to the pixel pitch of the CCD. A sequence of 10 spatially separated recording planes is selected using the SLM-PR setup, where the distance between successive planes is 2 mm. Subsequently, the speckle measurements with sufficient intensity variation are subjected to the iterative algorithm discussed in Section 2.4. Figure 8 shows a representative phase map of the smooth test wave front using the proposed technique.
The low frequency circular fringes represent the parabolic distribution of the refractive index of the lens. As we mentioned previously, the high frequency speckle phase structures modulating the reconstructed wave front arising due to the used RPD plate. These high frequencies speckle noise can be eliminated using two different methods. The first method depends on the features of the RPD plate and because they are generally known the speckle noise can be numerically filtered. The second method is based on capturing two sets of intensity measurements. The first set takes place when the diffused light field illuminates the test object. The second set of intensity measurements is recorded after removing the object. Subtracting the phase distributions retrieved from the two cases, the phase of the investigated object remains. In this work we use the filtering approach to reduce the speckle noise. The filtered version of the retrieved phase distribution of the investigated lens is shown by Figure 9 (a).
To quantitatively assess the retrieved phase distribution, the refractive index profile of the test lens is numerically determined. It has been calculated using a Matlab script for a lens with a known focal length of f = 150 mm and is depicted in Figure 9 (b). Comparing the refractive profile of the retrieved phase and that one calculated numerically, it is seen that the concentric circular fringes agree well. For further discussion, the corresponding phase difference is shown by Figure 9 (c). The standard deviation has been determined to be 0.35 rad, which means that both distributions deviate by an average of approximately 5.5%. It is noted that the large deviations are mainly found close to the regions where the intensity is minimum. However, the remarkable agreement of the experimental and the numerical results greatly verifies the potential of the presented method for phase retrieval from a set of intensity observations. Additionally, compared to existing phase retrieval techniques involving time-consuming mechanical adjustments, the duration of the measurement process is considerably reduced because of the rapid switching time of the SLM used.
CONCLUSION
We have presented an experimental technique for the recovery of smooth wave fronts by means of the SLM-based phase retrieval technique and a phase diffuser having specific features. The main task of the diffuse illumination is to introduce significant diversity in the intensity measurements which is lacking in the case of smooth test wave fronts. The lack of diversity in the intensity measurements causes the iterative phase retrieval technique to converge to a wrong solution. The use of the SLM in a 4 f -setup, owing to its fully-automated control, enables accurate and fast speckle intensity recording. It has been proven that this combination works and yields a rapid approach for the investigation of smooth wave fronts with active compensation for misalignments in the setup. The application in the shape measurement of a thin lens demonstrates the effectiveness of the technique.
